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Abstract

Integer programs (IPs) find widespread applications in many combinatorial optimization problems. Gen-
erally, an integer program can be formulated as follows:

min{wx : Hx = b, lll ≤ x ≤ u, x ∈ Zn}.

Solving a general IP is NP-hard. The classic algorithm [Papadimitriou, J.ACM ’81] for IPs has a running
time nO(m)(m ·max{∆,∥b∥∞})O(m2) [8], where m is the number of constraints, n is the number of vari-
ables, and ∆ and ∥b∥∞ are, respectively, the largest absolute values among the entries in the constraint
matrix and the right-hand side vector of the constraint. The running time is exponential in m, and be-
comes pseudo-polynomial if m is a constant. In recent years, there has been extensive research on FPT
(fixed parameter tractable) algorithms for the so-called n-fold IPs, which may possess a large number
of constraints, but the constraint matrix satisfies a specific block structure. It is remarkable that these
FPT algorithms take as parameters ∆ and the number of rows and columns of some small submatrices.
If ∆ is not treated as a parameter, then the running time becomes pseudo-polynomial even if all the other
parameters are taken as constants. However, a polynomial time algorithm may be possible if we are
allowed to solve an IP approximately in the sense that the constraints can be violated slightly.

One most well-known example is Knapsack, where H contains one row, i.e., m = 1, lll = 0, u = 1, and
all entries of w and H are nonnegative. Knapsack admits an FPTAS whose running time is polynomial
in the input length |I| and 1/ε instead of ∆ (see, e.g., [5]). Alternatively, it admits an algorithm of the
same running time that returns a solution whose objective value is at least OPT (where OPT denotes the
optimal objective value satisfying the constraint), while violating the constraint by a factor of 1+ ε .

Another example is due to Dadush [3], who presented an algorithm of running time 2O(n)(1/ε2)
n

which either asserts that the convex body K described by the constraints does not contain any integer
points, or finds an integer point in the body stemming from K scaled by 1+ ε from its center of gravity.

Motivated by the above two examples, this paper aims to explore approximation algorithms for IPs.
We are interested in an algorithm that returns a near-feasible solution that may violate the constraints by
a factor of 1+ ε , but runs in polynomial time in the input. Such relaxation of constraints is also referred
to as resource augmentation, which has received much attention in various combinatorial optimization
problems, including Knapsack [1, 6], Subset Sum [2, 7], Square Packing [4], etc.

Main Results. Our first result is an approximation scheme for IPs with few constraints.

Theorem 1. Given is an integer program min{wx : Hx = b, lll ≤ x ≤ u, x ∈ Zn} with optimal objective
value OPT, where H ∈Qm×n. Then for arbitrary small ε > 0, there exists an algorithm of running time
f (m,ε) ·poly(|I|) which returns a near-feasible solution x̃ such that x̃ ∈ {x : ∥Hx−b∥∞ ≤ ε∆, lll ≤ x ≤
u, x ∈ Zn}, and wx̃ ≤ OPT, where ∆ = ∥H∥∞.

We remark that OPT always refers to the optimal objective value without violating the constraints.
In particular, the running time in Theorem 1 is 2(

m
ε
)O(m) ·poly(|I|). Theorem 1 extends Papadimitriou’s

algorithm in the direction of approximation. We then extend our result to n-fold IPs and obtain the
following.
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Theorem 2. Given is an integer program min{wx : ∑
n
i=1 Dixi = b0,Aixi = bi,1 ≤ i ≤ n, 0 ≤ x ≤ u,x ∈

Znt} with optimal objective value OPT, where Ai ∈ QsA×tA
≥0 , Di ∈ QsD×tD

≥0 , and tA = tD = t. Then for
arbitrary small ε > 0, there exists an algorithm of running time f (sA,sD, t,ε) · poly(|I|) which returns
a near-feasible solution x̃ such that x̃ ∈ {x : (1 − ε)b0 ≤ ∑

n
i=1 Dixi ≤ (1 + ε)b0, (1 − ε)bi ≤ Aixi ≤

(1+ ε)bi,1 ≤ i ≤ n, 0 ≤ x ≤ u, x ∈ Znt}, and wx̃ ≤ OPT.

In particular, the running time is 22(sD/ε)O(sD)·(sAt/ε)O(t)

· poly(|I|). Theorem 2 is a bit weak in the sense
that it requires all the entries of the submatrices Ai,Di as well as the variables to be nonnegative, and
it gives an additive error of εbi instead of ε∆. In many combinatorial optimization problems where n-
fold IPs are applicable, all the input parameters are indeed nonnegative and (1+ ε)bi yields a standard
multiplicative (1+ ε)-factor. Nevertheless, we show that it is possible to get rid of such a weakness if
the local constraint Aixi = bi has few solutions, as implied by the following Theorem 3.

Theorem 3. Given is an integer program min{wx : ∑
n
i=1 Dixi = b0,xi ∈ P i,1 ≤ i ≤ n, x ∈ Znt} with

optimal objective value OPT, where Di ∈ Qs×t and P i is an arbitrary set of integer vectors. Let κ =
maxu∈∪n

i=1P
i ∥u∥∞, i.e., κ is the largest ℓ∞-norm among all integer vectors in ∪n

i=1P
i. Then for arbitrary

small ε > 0, there exists an algorithm of running time f (s, t,κ,ε) ·poly(|I|) which returns a near-feasible
solution x̃ such that x̃∈ {x : ∥∑

n
i=1 Dixi−b0∥∞ ≤ ε∆, xi ∈P i,1≤ i≤ n, x∈Znt}, and wx̃≤OPT, where

∆ = maxi∈[n] ∥Di∥∞.

In particular, the running time is 2(
sκt
ε
)O(sκt ) · poly(|I|). Theorem 2 and Theorem 3 can be viewed as

FPT approximation schemes for n-fold IPs with different parameters.
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